Abstract This paper presents the development of a framework based on fuzzy logic for multi-sensor fusion and localization in indoor environments. Such a framework makes use of fuzzy segments to represent uncertain location information from different sources of information. Fuzzy reasoning, based on similarity interpretation from fuzzy logic, is then used to fuse the sensory information represented as fuzzy segments. This approach makes it possible to fuse vague and imprecise information from different sensors at the feature level instead of fusing raw data directly from different sources of information. The resulting fuzzy segments are used to maintain a coherent representation of the environment around the robot. Such an uncertain representation is finally used to estimate the robot position. The proposed multi-sensor fusion localization approach has been validated with a mobile platform using different range sensors.
Introduction
An important issue for an autonomous mobile robot is its localization in the representation of the environment in which it is navigating. This problem consists of answering the question Where am I? [1] from the point of view of the robot, and it has been widely studied in the literature [2] - [4] . The main challenge of indoor mobile robot localization is to deal with both sensor information subjected to noise and non-linearities, and imprecise or unknown world representations. The latter is addressed by building a map of the environment and localizing the robot in such a representation, the so-called 'simultaneous localization and mapping' (SLAM) problem [5] - [7] , which also has to cope with noisy data and non-linearities. In this work, we focus on the former, modelling position measurements using fuzzy sets, fusing this information using similarity interpretation from fuzzy logic, and localizing the robot using the local representation of the world from different sources of information.
The indoor mobile robot localization problem is usually addressed using a representation of the world and the location information provided by the sensory system. This location information -so-called 'position measurements' -is normally classified in terms of absolute (reference-based) or relative (dead-reckoning) position measurements [2] . The former provides information about the situation of the robot in the representation of the world, while the latter provides the distance travelled along this representation. It is wellknown that methods based only on dead-reckoning are not able to provide a robust position estimation because slip and drift errors are unbounded [8] - [9] , and thus the estimation of the robot position should be compensated using absolute references. For these reasons, localization methods usually make use of both sources of location information to address the indoor localization problem. What really makes this problem difficult, however, is the presence of uncertainty in the position measurements. Such uncertainty is usually modelled in the sensor model by estimating a range of values that likely enclose the real one.
From the probabilistic point of view, this range is represented using probability functions. Commonly, these stochastic functions are experimentally adjusted using the central limit theorem (CLT) (i.e., it assuming that the sum of many independent and identically distributed random variables will tend to be distributed according to an attractor distribution; in particular, when the variance of the variables is finite, the attractor distribution is the normal distribution). Under these conditions, the mean of a sufficiently large number of iterations of independent random variables, each one with a well-defined mean and well-defined variance, will be approximately normally distributed. In order to adjust this normal distribution function, the measure should be repeated a sufficiently large number of iterations under similar conditions. However, it is not always possible to repeat the measure or reproduce the factors that affect it. In fact, the conditions assumed by CLT are often violated in reality and the process noise and observation noise do not necessarily have to be symmetrical, as is the case with the normal distribution function. For example, some proximity sensors provide more readings close to the object than far away from it, and hence, their sensor model should be represented using a non-symmetrical probability distribution. Moreover, the propagation of probability distributions through non-linear equations produces an accumulation of errors. Furthermore, the estimation process in stochastic methods is usually made by averaging position measurements with accurate models, while in most cases the available models are highly inaccurate [10] .
On the other hand, techniques based on fuzzy logic only require an approximate sensor model [11] of measures. The uncertainty of position measurements is represented using fuzzy sets, which do not necessarily have to be symmetrical. Fuzzy sets are able to represent the different types of uncertainty that commonly affect position measurements, such as vagueness, imprecision, ambiguity, unreliability and random noise [12] . Besides this, the position measurements can be affected by several types of uncertainty [13] that are not necessarily independent, and fuzzy sets are especially suitable to represent combined types of spatial uncertainty [14] . Fuzzy logic [15] provides expressive tools and techniques to represent and handle the different facets of the uncertainty in the position measurements [16] , and to propagate the uncertainty represented as fuzzy sets properly. Moreover, it is applicable in domains where traditional methods fail or do not satisfy many assumptions; for example, they have often been used when a stochastic sensor model cannot be easily elicited [13] - [17] . Furthermore, the use of fuzzy reasoning can avoid the typical problem of weighted average fusion between probability distribution functions [18] . These arguments have induced some authors to make use of fuzzy sets as location uncertainty representations in diverse problems and applications of robotics instead of the more popular choice of using probabilities.
In this work, multi-sensor fusion and indoor localization problems are addressed using a fuzzy-based framework. This framework deals with location uncertainty using fuzzy segments [19] , which represent the uncertainty of the real location of a line-segment using a fuzzy set. The membership value of this fuzzy set provides the degree of possibility with which an object is located at such a position. These fuzzy segments, representing uncertain location information using different sensory information, are fused using fuzzy reasoning based on similarity interpretation from fuzzy logic. This approach is used to maintain a coherent representation of the environment surrounding the robot during navigation. Such an uncertain representation is then used to locate the robot using the proposed fuzzy framework.
The paper is organized as follows. Section 2 discusses the relevant related literature highlighting the pros and cons of the fuzzy grid-based method adopted in this work. Section 3 introduces the proposed fuzzy framework. Section 4 is devoted to the generation and fusion of fuzzy segments using the framework proposed in [20] for two types of proximity sensors: sonar and laser. Section 5 presents the global fuzzy localization method that incorporates the fuzzy framework. Section 6 presents the experimental validation and, finally, some conclusions are presented in Section 7. 
Probability Methods

Fuzzy Methods
Related work
Indoor localization methods in the field of mobile robotics are usually classified according to the type of problem that they tackle. One popular classification method involves grouping them into tracking or local methods and global techniques [21] . Local localization methods aim to compensate small dead-reckoning errors under the assumption that the initial position is known. Global localization methods address the problem without a priori knowledge of the initial location of the robot (i.e., the robot is located somewhere in the environment and it has to localize itself from scratch). Commonly, local techniques present advantages in terms of accuracy and efficiency, while global techniques are much more robust [22] , mainly because they are able to recover from failures.
These methods can also be classified according to the manner of modelling the uncertainty in both the state to be estimated and the position measurements. Normally, the state to estimate, the so-called 'robot belief', includes the robot position and its associated uncertainty, which indicates to the robot where it might be located with a given degree of certainty. The localization problem is then formulated as estimating the robot belief over the space of all locations. This estimation is performed combining noisy information -modelled using sensor models -from multiple sensors in the form of relative and absolute position measurements to form a combined belief in the location to be estimated . Another key point is how the robot belief is represented; some localization methods represent the robot belief in a discrete format, while other localization techniques represent it using continuous functions. This fact has an important influence in the accuracy, efficiency and ability to represent complex functions, such as multimodal ones to support multiple positions in the environment. Table 1 , taken in part from [22] , summarizes the classification of many localization methods according to the problem tackled and the kind of sensor model and robot belief representation. Furthermore, the localization methods are compared in terms of accuracy, robustness, efficiency and implementation complexity. These localization methods and their pros and cons are detailed below.
The most intuitive and straightforward way of addressing the indoor localization problem is trilateration. This technique is used by the popular commercial global positioning system (GPS). It consists of determining the robot position based on simultaneous range measurements from three (to perform 2D estimation) or four (to perform 3D estimation) beacons located at known sites. Such a position is estimated by calculating the intersection between three circles or four spheres for the 2D and 3D cases respectively. These intersections provide an area or volume -again, for the 2D and 3D cases respectively -where the robot might be located. This problem has been traditionally solved either by algebraic or numerical methods [23] , although the direct algebrization of the problem can be avoided modifying the formulation of the problem [24] . Despite this technique is efficient and provides accurate position estimates, it suffers severe robustness problems due to insufficient simultaneous beacon detections and singularities solving the linear system. For example, when the beacons are aligned or where there is more than one possible solution. For these reasons, this technique is not suitable by itself to address the localization of a moving target [24] and, normally, it should be combined with other methods [8] to provide robust position estimates.
Other basic, intuitive and popular group of techniques to recover the location of mobile robots is scan matching. This approach has been used since the early studies involving indoor environments. It consists of matching groups of uncertain measurements or scans detected recently (a local map), representing the current state, with a representation of the environment. The method can be defined as a geometric problem -it finds the rotation and translation which maximize the overlapping of two groups of data/features, considering their uncertainties, leading to a maximum likelihood estimation. This is normally done using iterative methods. Scan matching methods usually make use of some probability framework [25] to address the mapping [26] [27], localization [28] and SLAM problems [29] . When we do not have precise information about the uncertainty of the data, however, other works have adopted a fuzzy framework to cope with the map building [20] , localization [30] [31] and SLAM [19] problems. These methods use fuzzy logic because it is adequate in matching problems; fuzzy sets provide a framework to match the degree of similarity between sets, which represent the uncertainty of the objects. The problem with these scan matching techniques is their efficiency and robustness. The former depends on the accuracy required by the iterative method, and a trade-off between precision and computational cost should be found to permit the indoor navigation of the robot. The latter is compromised since it does not support multiple positions in the environment, and the position estimates can be drastically modified in singular situations. Regardless, these techniques have the capacity to recover when these singular situations disappear.
The most popular framework to address the indoor localization problem is the Markov localization framework [21] , which captures the probability foundations of many currently used localization methods. This framework aims to estimate the robot belief represented as a probability function. The manner of implementing this stochastic function is of paramount importance, grouping these localization methods into methods that represent the robot belief using continuous probability functions and methods that represent it in a discrete format. The former includes the different variants of the Kalman filter and the multi-hypothesis implementation using this approach. The latter is usually divided into methods that make a discretization or factorization of the environments, such as topological graphs and grid-based methods, and techniques that discretize the stochastic function representing the robot belief, like the particle filters.
The Kalman filter is a recursive state estimator of a discrete-time controlled process that is governed by a linear stochastic difference equation. It is the minimum variance state estimator for linear dynamic systems with Gaussian noise [32] and the minimum variance linear state estimator for linear dynamic systems with non-Gaussian noise [33] . It is not possible to implement an optimal state estimator for a non-linear system using a Kalman filter, but some of its variants can be used to estimate the state, such as the extended Kalman filter (EKF) [8] [34] and the unscented Kalman filter (UKF) [35] [36]. The main advantages of the different variants of the Kalman filter are accuracy and efficiency, primarily due to the representation of the robot belief using a Gaussian function. This is also the cause of the robustness problems of this group of techniques, because such a representation is not able to support multiple positions in the environment. This problem is relevant not only at start-up, but also during operation for recovery in the case of pose tracking failure.
In order to overcome this problem multi-hypothesis localization (MHL) method [37] was developed. This method uses multiple hypothesis of Kalman filters combined with a probability formulation to generate and track Gaussian pose hypotheses. The main disadvantage of this method is that it is not possible to know a priori the number of hypothesis that should be handled. This usually leads to the use of a higher number of hypotheses than needed, which also gives rise to a decrease in efficiency. For these reasons, some works combine a tracking method with a global localization technique [38] [39] instead of using MHL. The global approach provides the capacity to recover from failures while the local method is able to track the state with a higher accuracy and lower computational cost than the global one.
Those global localization techniques that use topological graphs discretize the environment as a network [40] [ 41] , in which nodes represent locations and arcs between nodes represent information as to how to get from one position to another. Since this representation supports multi-modal distributions, it is able to maintain multiple locations in the environment. In addition, the complexity of the sensor and action models is reduced because the nodes only store specific characteristics of the locations. However, the accuracy of the estimation depends on the resolution of the representation, which is quite rough in topological maps.
Grid-based localization methods represent the location space by discretizing the environment, often using a regular grid in spatial and angular resolutions. These methods also support multi-modal distributions since the probabilities are assigned to every cell of the grid. This representation usually uses a small resolution to obtain more accuracy as compared to topological approaches. However, the accuracy depends on the resolution, which increases the computational cost. The discretization of the location space permits the representation of any distribution, facilitating the implementation of sensor models in complex environments. Thus, the main advantage of these methods is the robustness and capacity to integrate a significant variety of sensor models. For these reasons, these methods were used in early real applications, such as tour-guide robots [42] [43], and they are currently used in applications that require a high degree of robustness [44] [45].
The particle filter methods represent the probability function representing the robot belief as a set of weighted samples. Each sample is a location and the weights are non-negative factors which sum up to one to represent a probability function. These factors indicate the importance of each sample, which are calculated by the likelihood of that sample given the latest absolute observation. The most popular particle filter is the Monte Carlo filter, which has been widely applied to the indoor mobile robot localization problem [46] - [49] . These approaches are able to represent multiple positions in the environment and they can be extremely efficient in some applications when compared with grid-based methods, especially when the sensor model and the environment are not very complex. The main disadvantage of this method is that we need to know the number of particles required to represent the discretized robot belief properly. In complex applications with multiple possible positions and complex sensor models the number of necessary particles can be very high, giving rise to a computational cost even higher than that of grid-based methods for the same application.
Other methods make use of fuzzy logic instead of the popular probability frameworks to address the indoor localization problem. The motivation is mentioned above -namely, the proper representation of the different types of uncertainty that affect the position measurements, the propagation of the uncertainty through non-linear equations, and the state estimation using inaccurate models. Fuzzy logic is also especially useful in multisensor fusion problems, because fuzzy sets facilitate the representation of the spatial uncertainty and fuzzy logic provides tools to match the degree of similarity between fuzzy sets [20] . These methods can also be classified according to the implementation of the state to be estimated. This state consists of the robot position and a fuzzy set representing the location uncertainty. We can differentiate between methods that represent the robot state using continuous fuzzy sets, such as the implementation of a fuzzy EKF [10] , and methods that represent it in a discrete format, like the fuzzy grid-based method adopted in this work [18] [50].
In the implementation of a fuzzy EKF [10] , the robot position is tracked using asymmetric sensor models and by propagating the uncertainty through the process model and the observation model. This implementation uses asymmetric trapezoidal possibility distributions to represent the vagueness and imprecision of the position measurements. This method has similar properties to the standard EKF with the use of approximate and inaccurate sensor models, which provides flexibility in adjusting the behaviours of different sensors. This feature provides important advantages to model some complex and noisy sensors, such as ultrasonic-based proximity sensors.
The fuzzy grid-based method adopted in this work [11] combines ideas from the Markov localization approach proposed in [51] with ideas from the fuzzy landmarkbased technique proposed in [52] . This technique uses fuzzy logic to account for errors and imprecision in recognition, and for extreme uncertainty in the estimation of the robot motion. The method is extended in [12] [13] to represent directly ambiguities in the sensor information, thus avoiding having to solve the data association problem separately. The method represents the orientation in each cell using a continuous trapezoidal fuzzy set to increase the efficiency. This assumption allows us to represent multiple hypotheses about different positions, but only one orientation hypothesis in each cell. This is normally acceptable even in complex domains. Another key point that improves the efficiency is that all the operations performed by this method are linear in the number of cells. Therefore, the method has similar properties to the probabilistic grid-based methods, with a moderate computational cost (which is one of the main disadvantages of grid-based methods). Furthermore, this fuzzy approach only requires an approximate model of the sensory system and a qualitative estimation of the robot displacement. The method is especially suitable in applications with complex environments and sensor models that require robust position estimates. This fuzzy grid-based method has previously been used in localization [11] - [13] and multi-robot sensor fusion [53] [54] applications.
Fuzzy framework
In this work, the mobile robot localization problem is dealt with as a fuzzy estimation problem [13] . The possible locations of the robot are represented as a fuzzy belief, which is generated and updated using the information detected during navigation. Each location has a degree of membership that reflects the extent to which this location could be the actual one. The localization problem consists of maintaining this belief as the robot moves and collects new noisy measurements. Figure 1 shows the flowchart of the fuzzy localization framework. We can observe that the process follows the classical structure of a fuzzy system, consisting of a fuzzification stage, a fuzzy reasoning stage and a defuzzification stage.
The fuzzification stage takes as input raw sensor data, which provides two types of measurements: exteroceptive and proprioceptive. Exteroceptive measurements come from sensors that observe the status of the environment outside the robot (e.g., proximity sensors) and induce information about the absolute position of the robot. Proprioceptive measurements come from sensors that observe the status of the robot (e.g., motion encoders and inertial sensors) and induce information about relative displacement. For both types of measurements, the induced items of information can be affected by uncertainty in several ways. This uncertainty is represented using fuzzy sets (e.g., fuzzy segments for exteroceptive measures) to facilitate its management in the next stage. The fuzzy inference stage is in charge of, on the one hand, fusing location information represented as fuzzy sets and, on the other hand, estimating the belief of the robot. The location information represented as fuzzy sets is fused using the tools provided by fuzzy logic, while the robot belief is estimated following the classical structure of a recursive state estimation (i.e., the fuzzy estimate is maintained through a predict-update cycle). The fuzzy segment framework [20] is used to fuse the location information represented as fuzzy sets, while a fuzzy localization method representing the fuzzy belief on a grid is used to estimate the robot position.
The defuzzification phase aims to extract information about the fuzzy robot belief. This is done by computing certain parameters, such as the centre of gravity (CoG) of the fuzzy belief or the deviation of the belief with respect to this CoG (estimation of the reliability). It should be noted that this stage is only done for the purpose of producing a crisp output without affecting the localization process. In particular, the defuzzification stage does not modify the belief that is to be used in the next localization cycle.
Fuzzy segment framework
The fuzzy segment framework [30] aims to represent and deal with the uncertainty of the real location of objects using line-segments that include a representation of their uncertainty. This uncertainty is represented using a fuzzy set whose degree of membership reflects how far the location could be occupied. Thus, a line-segment including a fuzzy set representing its location uncertainty is what we call a 'fuzzy segment'. The fuzzy segment framework provides power tools [20] , based on similarity interpretation from fuzzy logic, to match the degree of similarity of information expressed as fuzzy segments. This is used to fuse and manage formally the uncertainty of the observations represented by fuzzy sets [30] .
Fuzzy segments
Let a line-segment S be defined as a tuple, as follows:
, , ( , ), ( , ), , , , ( , ), ( , ), .
This fuzzy set t  should include the different factors that affect the uncertainty of the real position. In the case where such factors are mutually independent and they are all represented using fuzzy sets, the total uncertainty of the real location can be obtained by the addition of the corresponding fuzzy sets, as follows: 
Generation of fuzzy segments using sonar readings
The uncertainty of the real location of a segment S consisting of sonar readings is attributed to three different groups of factors: a lack of knowledge about the way the sensor signal reflects in the objects, the distance between the sensor and the object, and the uncertainty of the robot location due to position estimation by dead-reckoning. 
where 1 k and 2 k are constants with a value that depends on the particular sensor and working environment, and they are calculated as bounds of the uncertainty due to these factors in normal working conditions. The d value is the average distance of the observations used to build the segment.
Finally, the uncertainty of the real location of S due to the third group of factors is represented by a trapezoidal fuzzy set 3 t  , defined as follows:
where 3 k and 4 k are constants with a value that depends on the particular robot and terrain properties, and a measures the displacement of the robot since the last time its location was updated using an absolute positioning system.
Since the three sources of uncertainty are mutually independent, the total uncertainty of the real location of the segment t  is obtained by the addition of the corresponding trapezoidal fuzzy sets In order to combine sonar readings from different sensors at a sensor level, a fuzzy segment generation method is adopted [55] . This method makes use of a sensor buffer to build and maintain sensor readings in a heuristic way.
Let n be the number of sonar sensors, and let m be the number of measurements stored in the buffer for each sensor. Figure 2 , where the light grey cells are the old values and the dark grey cells are the most recent sensor readings. This buffer is used to extract candidate points for the line fitting procedure.
To generate a fuzzy segment, at least four points are required to be considered as a line. The algorithm to generate a line fitting is as follows: 
Generation of fuzzy segments using laser readings
The uncertainty of the real location of a segment S composed of laser readings is only attributed to two different groups of factors: the noise model of the laser readings and the uncertainty of the robot location due to position estimates by dead-reckoning.
Thus, the uncertainty of a segment S due to the first group of factors is expressed by the trapezoidal fuzzy set 
t t t
A line extraction method is needed to group laser readings for generating line-segments. An evaluation of popular line extraction methods using range sensors is performed in [56] , where the algorithms are evaluated in terms of complexity, speed, correctness and precision. The conclusion of this work is that the split-and-merge algorithm is the most suitable method for localization applications, and the best choice for real-time applications given its clearly faster speed. Therefore, a variant of the generic split-and-merge method is used to obtain the line-segments from the laser scans; in particular, a simplified version called the iterative end point fit algorithm (IEPFA) [57] . The advantages of this line extraction method are: i) it only needs two values to tune the method, while the split-and-merge algorithm needs three, ii) the algorithm only splits sets, and iii) it does not need to fit the grouped data to check if the set has to be split again.
The IEPFA evaluates the whole data set through a line connecting the first and the last points of the scanning. This line is not the fitted-line of the set, but is merely a line-segment which has as end-points the first and last readings of the set to be evaluated. Instead of the three parameters tuned in the split-and-merge algorithm, only two parameters are adjusted using this variant of the original method. In particular, the minimum number of points per line-segment Figure 3 shows an example of the recursive IEPFA method. Note that this method does not provide a set of line-segments -it only returns a set of readings which are a candidate to be fitted by a line-segment. Hence, after grouping the laser readings they are used to generate the fuzzy segments following the process detailed above.
Environment representation using fuzzy segments
Once the sensor observations from different sources of information are represented as a set of fuzzy segments:
the fuzzy segment framework [20] is used to fuse the uncertain information about the position and orientation of object boundaries surrounding the robot.
The set of segments M can be obtained from different sensors or from different positions of the robot. These fuzzy segments are combined and their respective uncertainties are propagated in the integration process.
Following [30] , two fuzzy segments FS are considered collinear if the following criterion is satisfied:
where the operator where the  operator denotes the bounded sum operator and where the equation to calculate r t  requires that the collinear condition of fuzzy segments
This fuzzy segment framework permits the acquisition of a coherent representation of the environment surrounding the robot represented as a set of fuzzy boundaries. This is called a 'fuzzy segment map' FM , which is obtained by fusing the set of fuzzy sets M detected at the last time step with duplicate information. Figure 4 shows an example of a fuzzy segment map generated by sonar and laser rangefinder readings. For graphical clarity, these fuzzy segments are shown before the fusion because, once they are fused, only the fuzzy segments representing the object boundaries are shown. This metric map composed of geometric primitives is later used in estimating the location of the robot using a fuzzy localization framework.
Fuzzy localization
The robot position is estimated using a grid-based fuzzy localization method. This method is proposed in [11] and extended in [12] [13] to deal with ambiguity without addressing the data association problem. The method uses the fuzzy segment map FM presented above and the estimation of the distance run by the robot to estimate the robot position given an a priori metric map.
Uncertainty representation
The fuzzy localization method represents the location information of an object by a fuzzy subset  of the set X of all possible locations [58] . For any x  X , the value of ( ) x  is read as the degree of possibility that the object is 
Localization
The robot belief about its own pose is represented by a G  distribution according to the amount of motion, followed by a uniform blurring to account for uncertainty in the estimate of the actual motion. Such an operation is as follows:
where t B is the fuzzy action model and the  operator denotes the fuzzy dilation operation of The possibility distributions 1 , , n r r    are the n observations and the  operator denotes a fuzzy intersection, which can be chosen depending on the independence assumptions made about the items being combined [13] . The resulting fuzzy distribution is normalized after each observation to add more importance to the fuzzy locations being combined.
If the robot needs to know the most likely position estimate at time t , it does so by computing the CoG of the distribution t G . A reliability value for this estimate is also computed, based on the area of the region of t G with the highest possibility and on the minimum bias in the grid cells. Since the CoG provides erroneous position estimations due to the multiple possibilities in the distribution, an estimation of reliability is used to decide when the robot has obtained a correct estimation of its own location.
In practice, the predict stage is performed using tools from fuzzy image processing, like fuzzy mathematical morphology [59] [60] , to translate, rotate and blur the possibility distribution in the grid using the fuzzy action intersection is performed by intersecting the trapezoid in that cell and the fuzzy trapezoid generated for that cell by the observation. This process is repeated for all available observations. The intersection between trapezoids, however, is not necessarily a trapezoid. For this reason, in our implementation we actually compute the outer trapezoidal envelope of the intersection. This is a conservative approximation because it may over-estimate the uncertainty, but it does not incur the risk of ruling out true possibilities.
There are many choices for the intersection operator used in the update phase, depending on the independence assumptions that we can make about the items being combined. In our case, since the observations are independent, we use the product operator which reinforces the effect of consonant observations. Figure 6 shows the result of the intersection between the beliefs induced by a set of fuzzy segments detected at time t .
We can observe that the result is a unique possible location, although this representation is able to handle more than one location in the environment.
Experimental validation
The proposed multi-sensor fusion and localization framework is tested using an ATRV Jr platform manufactured by iRobot. This platform relies on skid steering with two linked wheels on each side. The problem with this steering system is that each wheel pair rotates at a different speed when the vehicle turns, which inevitably gives rise to sliding. For this reason, the odometry provided by the platform is quite unreliable. The robot is equipped with 17 sonars, mostly pointing forward and to each side, and a SICK LMS laser rangefinder pointing forward providing a field of view of 180 degrees.
The experiments consist of the localization of the robot through two very different environments: an office-like environment and the basement of a building with long corridors. The robot is manually steered during both experiments using a joystick with the operator walking behind the robot, most of the time outside the working area. The absolute position is estimated using the fuzzy localization method presented above. This localization method has the typical disadvantage of grid-based methods: high computational cost in large environments due to grid resolution. The resolution of the grid limits the accuracy of the position estimation and, hence, a trade-off between accuracy and computational cost should be adopted heuristically.
The distance travelled by the vehicle is estimated using the differential drive kinematic model using the velocity of each wheel pair. The dead-reckoning uncertainty is modelled heuristically based on practical experience. The uncertainty due to skid steering is included in the representation of the environment around the robot, building a local fuzzy map, as described above. This representation is composed of the fusion of the fuzzy segments generated using both sonar and laser readings. The fusion using both sources of information increases the robustness of the representation because these sensors are complementary in some cases; in particular, optical sensors suffer from the surface reflectance properties of some objects, which do not affect the sonar sensors. On the other hand, optical sensors are much more accurate than sonar sensors, perceiving non-reflective objects.
The environment is assumed to be static (i.e., nothing is in motion while the experiment runs, with the exception of the robot). In addition, the ground truth is manually estimated in strategic locations in order to evaluate the quality of the position estimates. In particular, the laser rangefinder readings are used to obtain the perpendicular distance to sensed walls, which is enough information to estimate the ground truth by trilateration. 
Experiment in an office-like environment
The office-like environment has dimensions of approximately 12.5  9.1 meters. A cell resolution of 10 centimetres is selected heuristically because it provides a trade-off between accuracy and computational cost for the fuzzy localization method.
The localization method is initialized with a belief distributed throughout the whole environment (i.e., the robot does not know its own location at the beginning). Next, the robot begins collecting range measurements. As soon as a feature is sensed or an action is performed, it is incorporated into the localization process. Figure 8(a) shows the map provided to the robot, the real and estimated trajectories of the experiment, and the bounding boxes representing the uncertainty of the robot position estimates in each dimension during navigation. The map provided to the robot consists of a set of linesegments representing the walls of the office-like environment. The position estimates are obtained by calculating the CoG of the robot's belief, while the estimation of the uncertainty of the position estimates (the bounding box) is calculated covering all the cells whose value exceeds a given relative threshold. More details about the calibration of reliability values over the fuzzy robot belief are specified in [13] . Regardless, the position error is bounded as the highest value lower than 30 cm throughout the whole experiment. The orientation error is also bounded as the highest bearing error lower than 17 degrees throughout the whole experiment.
Experiment in an indoor environment with long corridors
The experiment indoors with long corridors is performed in an environment higher than the previous one. The environment has dimensions of approximately 15.3  42.6 meters, and the cell resolution for the fuzzy grid is also 10 centimetres.
The localization method is also initialized with a robot belief distributed throughout the whole environment, that is, the robot does not know its own location at the beginning of the experiment. Figure 9 (a) shows the map provided to the robot, the real and estimated trajectories of the experiment, and the bounding boxes representing the uncertainty of the robot position estimates in each dimension during navigation. The bounding boxes are only depicted from the positions where position and angle errors are calculated. We can observe how the real trajectory is always inside the bounding box during the entire experiment and, therefore, the uncertainty of the position estimates is properly estimated. Figure 9 (b) and Figure 9 (c) show the position and orientation errors respectively. More peaks than the previous experiment can be observed in the position error. This is attributed to the navigation taking place in long corridors, whereby the uncertainty in the direction of the corridor cannot be reduced until an observation of the end of the corridor is detected. The problem is exacerbated when the information provided by odometry is very unreliable. The increasing of the bounding box, representing the uncertainty of the estimation, can be observed in Figure 9 (a). We can observe that such an increase is higher when the vehicle turns. In this case, the results show that the position error is also bounded. The position errors are lower than 65 cm during the experiment, but most of the time are lower than 25 cm. As to the heading error, it is also bounded and the maximum angle error is 16 degrees during the experiment, although the heading error is less than seven degrees in average.
Conclusion
This paper has presented a fuzzy framework used to address the multi-sensor fusion and localization problems of mobile robots in indoor environments. The sensor readings from different sensors are fused using the fuzzy segment framework, maintaining a coherent representation of the environment around the robot. This information incorporating location uncertainty is used to estimate the robot position, propagating the uncertainty from the sensor readings to the robot position estimates.
The original approach using the fuzzy segment framework [20] generates a good representation of the environment, but it lacks the ability to combine measurements from different sensors at a sensor level. For this reason, two techniques to generate fuzzy segments using an array of sonar sensors and a laser rangefinder have been proposed. Once the sensor readings are represented in a fuzzy format, they are combined using fuzzy reasoning. Finally, this featurebased information is used to propagate the uncertainty to the localization method, which is in charge of estimating the robot position. 
